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Abstract.  Based on the first order shear deformation plate theory, a numerical analysis model of 
composite laminated plates with distributed PZT actuators under thermal load was established, and 
the corresponding formulae of finite element method were present considering the effect of 
adhesive layer between PZT actuator and plate. Considering a two ends simply supported plate, the 
thermal deformation of the plates induced by different temperatures on the upper and lower surfaces 
and the thermal deformation compensation for the plates using PZT actuators were studied 
respectively, then the optimization of voltages applied to each actuator was discussed. 
Introduction  
When composite laminate structures are integrated by smart sensing element, smart actuating 
element and micro control unit to fulfill self-control then become well known composite smart 
material structures. Piezoelectric material is one of the ideal smart material both for sensor and 
actuator by using its piezoelectric effect according to its many advantages such as fast reaction, 
self-diagnosing and self-recovery and so on. Now smart material structures have become one of the 
most active study fields. Shi et al. [1] developed exact solutions for multi-layer piezoelectric 
cantilevers and multi-layer piezoelectric composite cantilevers by introducing several iterative 
formulae. Song et al. [2] investigated thermal deformation compensation of a composite beam using 
piezoelectric actuator by experiment, the results agree well with numerical analysis base on ANSYS. 
Lee et al. [3] proposed a theoretical model for the piezoelectric/structure multimorphs layered beam 
to discuss the static problem, and optimized the number of layers and the thickness ratio between 
piezoelectric and structure layers by taking maximum tip displacement as the objective function, the 
analytical predictions agree with experimental results. Wang et al. [4] investigated the optimization 
of thickness and embedding position of a piezoelectric actuator in composite laminates, and they 
also derives corresponding expressions for solving the distributions of the stress and strain between 
the substructure and the piezoelectric patch which is either bonded to the surface of the beam or 
embedded in the beam [5]. Tong et al [6] proposed a high precision control for the specified plate 
twisting and bending shapes using the PZT beam actuators. Halim et al. [7] suggested a criterion for 
the optimal placement of collocated piezoelectric actuator-sensor pairs on a thin flexible plate using 
modal and spatial controllability measures. Since the composite structures often work under 
thermal-mechanical load, this paper is to investigating the shape control and optimization of 
voltages for composite laminated plates using piezoelectric actuators considering thermal 
deformation compensation. 
   
Finite Element Analysis Equations for the Composite Laminated Plates with Distributed PZT 
Actuators under Thermal Load  
Constitutive equations. A composite laminated plate with PZT-5H actuators is shown in Fig.1. 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.1 Composite laminated plate with PZT actuators  Fig.2 An adhesively laminated plate element  
 
Constitutive equations of piezoelectric material. In the Cartesian co-ordinates system, 
assuming the direction of polarization of orthogonal aeolotropic piezoelectric material is along the 
z-axis, the total strain is composed of mechanical strain and controllable actuating strain, and then 
the constitutive equations of piezoelectric actuator can be expressed as  
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Where, { }σ , { }ε  and [ ]c  are the stress vector, the strain vector and the elasticity matrix, 
respectively; { }E  and [ ]e  are the applied electric-field intensity vector and the piezoelectric stress 
matrix, respectively; { }D  and [ ]Ξ are the electric displacement vector and the specific inductive 
capacity matrix. 
Constitutive equations of composite laminated plate. The off-axis constitutive equation of 
arbitrary monolayer can be written as   
S Tε σ α= + Δ                                                         （2） 
Where,σ ,ε  and S  are the off-axis stress vector, the strain vector and the flexibility matrix; α  
denotes the off-axis coefficient of thermal expansion, and TΔ denotes the temperature difference. 
According to Mindlin deformation assumption，and by integrating Eq. (2) along the thickness, the 
constitutive equations of composite laminated plate under thermal load can be obtained 
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Governing equations of finite element analysis. By Hamilton principle, the governing equations 
for static analysis can be deduced as 
[ ]{ } { } { }0uu uK u K Fφ φ⎡ ⎤+ =⎣ ⎦      { } { } { }0uK u K Qφ φφ φ⎡ ⎤ ⎡ ⎤+ =⎣ ⎦ ⎣ ⎦                   （4） 
Where, [ ]uuK , uK φ⎡ ⎤⎣ ⎦  and Kφφ⎡ ⎤⎣ ⎦  are the structure stiffness matrix, piezoelectric stiffness matrix 
and the specific inductive capacity matrix; { }u and{ }0φ denote nodal displacement vector and the 
generalized electric potential, respectively. 
Smart piezoelectric element considering adhesive layer. In this paper, the actuator and the host 
plate are considered as a whole body connected by the adhesive layer for the composite laminated 
plate with surface bonded actuators as shown in Fig.2. neglecting the influence of temperature 
difference on the actuator due to its good resistance to effect of heat, and assuming the distribution 
of stresses along thickness of the adhesive layer are uniform, then the strains in the adhesive layer 
can be written as[6]  
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The superscripts s, a and c denote the actuator, adhesive layer and composite laminated plate. 
Through bilinear interpolation to construct four nodes plate element and eight nodes adhesive 
element, and by virtual work principle, the stiffness of adhesive element and integral element can be 
obtained as 
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Shape Control and Optimization of Voltages for Composite Laminated Plates using 
Piezoelectric Actuators 
According to least square method, the objective function for static shape control and optimization 
of voltages can be expressed as[6]    
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Where，M and N are the numbers of actuators and plate nodes; ( )1, 2, ,jV j M= ⋅⋅⋅  is the voltages 
of the jth actuator; ( )  1, 2,i wid and d i N= ⋅⋅⋅ denote the actual deflection and objective deflection of 
the host plate at the ith node, respectively. 
For a material with a linear constitutive relation， ( )1, 2,id i N= ⋅⋅⋅ is a linear function of voltage 
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Where， ( )1, 2, , ; 1, 2, ,ij i N j Mα = ⋅⋅⋅ = ⋅⋅⋅  are constants. Substituting Eq.（9）to Eq.（8），and then 
let ( )1 2, , , MF V V V⋅ ⋅ ⋅  obtain the minimum value by solving the following equation 
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Eq. (10) can be written in matrix form: 
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By solving Eq. (11), we can get a set of optimum voltages, then applied them to the corresponding 
actuators to achieve objective deformation.  
Numerical Examples and Discussions 
Considering a two ends simplified supported square composite laminated plate with distributed 
piezoelectric actuators, the dimensions for PZT-5H piezoelectric ceramic patches are defined as 
2 2 0.5cm cm mm× × , the space between the two adjacent actuators is 0.5mm , and the numbering plan 
is shown as Fig.1; The thickness of the composite laminated plate is 0.6mm  with the stack 
sequence of s[0 /45 /-45] , and the thickness of adhesive layer is 0.15mm . The material parameters 
defined as follows: for host plate, 1=70GPaE , 2E =9.7GPa , 12 =6.0GPaG , 12 =0.3υ ， 23 =0.02035υ , 
-6
1 1.39 10 Cα = × ° , -62 8.06 10 Cα = × °  ; for PZT patch, 1 2 =70GPaE E= , 12 =28GPaG , 
12 13 23 =0.25ν ν ν= = , 31 32 5.2 /( )e e N mV= = − ; For the isotropic adhesive layer, 1=3.0GPaE , 
=1.07GPaG , =0.4ν . 
 
Considering a temperature difference of 160T CΔ = ° , the optimal voltages for thermal deformation 
compensation of composite laminated plate can be seen as Tab.1   
 
Tab. 1 the optimal voltages for thermal deformation compensation of composite laminated plate 
No. [V] No [V] No. [V] No. [V] No. [V] No. [V] 
1 -93.7 6 165.2 11 16.4 16 121.9 21 38.0 26 55.8 
2 -108.3 7 61.0 12 -97.9 17 -15.6 22 -27.4 27 -35.7 
3 -95.9 8 165.4 13 -11.0 18 81.4 23 48.2 28 14.6 
4 -108.3 9 61.0 14 -97.9 19 -15.6 24 -27.4 29 -35.7 
5 -93.7 10 165.2 15 16.4 20 121.9 25 38.0 30 55.8 
 
The computed shape after applying optimal voltages of the composite laminated plate is plotted as 
shown in Fig.3, and the displacement of mid-plane of composite laminated plate with and without 
applying optimal voltages are plotted as shown in Fig.4. Define the Difference ratio dδ as   
100%wd dd
h
δ −= ×
                                                       
（12）
  
Where, h is thickness of the composite laminated plate. For thermal deformation compensation, We 
expect the deformation can be controlled as its initial state, thus the objective deformation wd  
should be zero. For the two cases of with and without applying optimal voltages, from the data 
shown in Fig.4, it can be computed that the value of dδ  is decreased from 4.78% to 0.66%。 
 
 
Conclusions 
The numerical results show that it is essential to optimize the voltages applied to each actuator in 
order to obtain a more effective shape control for composite laminated plates by using PZT 
actuators under thermal load, and the distribution of PZT actuators has a great influence on the 
repairing effect of the plates. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.3 Shape of composite laminated plate     Fig.4 The displacement of mid-plane of 
composite laminated plate 
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